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L2 ESTIMATES AND VANISHING THEOREMS FOR HOLOMORPHIC
VECTOR BUNDLES EQUIPPED WITH SINGULAR HERMITIAN
METRICS
TAKAHIRO INAYAMA
Abstract. We investigate singular Hermitian metrics on vector bundles, especially
strictly Griffiths positive ones. L2 esitimates and vanishing theorems usually require
an assumption that vector bundles are Nakano positive. However there is no general def-
inition of the Nakano positivity in singular settings. In this paper, we show various L2
estimates and vanishing theromes by assuming that the vector bundle is strictly Griffiths
positive and the base manifold is projective.
1. Introduction
We investigate singular Hermitian metrics on vector bundles. Singlular Hermitian met-
rics on line bundles have a key role in complex geometry. They make it possible that we
apply complex analytic methods to complex algebraic geometry (cf. [5]). Singular Her-
mitian metrics on vector bundles were also introduced and investigated in many papers
(for examples, [2], [3], [7], [9], [10], etc.). However it is known that curvature currents of
singular Hermitian metrics on vector bundles are not always defined with measure coeffi-
cients [10, Theorem 1.5]. As a result, a positivity of singular Hermitian metrics on vector
bundles generally cannot be dealt with directly by using the curvature currents. Griffiths
semi-positivity or semi-negativity of singular Hermitian metrics is defined without using
the curvature currents ([2], [9], [10], see Definition 2.4). Nevertheless a general definiton
of Nakano positivity has not been formulated even though L2 esitimates and vanishing
theorems usually require an assumption that vector bundles are Nakano positive.
In this paper, we show various L2 esitimates and vanishing theorems. To be precise,
we have the following result. We let X be an n-dimensional complex projective manifold,
let ω be a Ka¨hler form on X , let dVω =
ωn
n!
be the volume form determined by ω, and let
E → X be a holomorphic vector bundle of rank r over X .
Theorem 1.1. Let h be a Griffiths semi-positive singular Hermitian metric on E. We
assume that h satisfies the condition (I) :
(I-i) {deth = +∞} ⊂ S for some proper closed analytic subset S of X,
(I-ii) h is continuous on X \ S, and
(I-iii) h is strictly Griffiths δ-positive on X \ S.
2010 Mathematics Subject Classification. Primary 32J25; Secondary 32L20.
Key words and phrases. Singular Hermitian metrics on vector bundles, L2 estimates, cohomology
vanishing.
1
2 T. INAYAMA
Suppose that f is an E-valued (n, n)-form with finite L2-norm. Then there is an E-valued
(n, n− 1)-form g such that
∂¯g = f,
∫
X
|g|2h,ωdVω ≤
1
δn
∫
X
|f |2h,ωdVω.
It is known that the curvature current Θh is well-defined on X \ S [10, Theorem 1.6].
Roughly speaking, the singular Hermitian metric h is strictly Griffiths δ-positive (or simply
strictly Griffiths positive) if the curvature current Θh⋆ of the dual Hermitian vector bundle
(E⋆, h⋆) satisfies the following inequality
n∑
j,k=1
(Θh
⋆
jk
s, s)hξjξk ≤ −δ‖s‖2h⋆|ξ|2
in the sense of distributions for any section s of E⋆ and any vector field ξ =
∑
ξj
∂
∂zj
, where√−1Θ⋆h =
∑n
j,k=1Θ
h⋆
jk
dzj ∧ dzk (see Definition 2.5). This type of theorem was announced
by H. Raufi [11] in the case n = 1. In [11], L2 esitimates are established on Riemann
surfaces for the reason that Griffiths positivity of vector bundles coincides with Nakano
positivity of those on Riemann surfaces. As we have said above, we allow the dimension
of the base manifold X to be larger than 1. As an application of Theorem 1.1, we have
the next statement.
Corollary 1.2. Let h be a Griffiths semi-positive singular Hermitian metric satisfying
the condition (I) on E, and KX be the canonical bundle of X. If the Lelong number
ν(− log det h, x) < 2 for all points x ∈ X, the n-th cohomology group of X with coefficients
in the sheaf of holomorphic sections of KX ⊗ E vanishes :
Hn(X,KX ⊗ E) = 0.
Here − log det h is locally plurisubharmonic. Then the Lelong number ν(− log det h, x)
is naturally defined (see Definition 4.5).
We show another L2 estimate. Let h be a smooth Hermitian metric on E. If (E, h) is
positive in the sense of Griffiths, (E⊗ detE, h⊗ det h) is positive in the sense of Nakano.
This is a well-known result of [6]. As described above, Nakano positivity of a singular
Hermitian metric has not been defined. However we show some L2 estimate by applying
this result to a vector bundle equipped with a singular Hermitian metric.
Theorem 1.3. Let h be a Griffiths semi-positive singular Hermitian metric satisfying
the condition (I) on E. Suppose that q is a positive integer, f is an E ⊗ detE-valued ∂¯-
closed (n, q)-form with finite L2 norm. Then there is an E ⊗ detE-valued (n, q − 1)-form
g such that
∂¯g = f,
∫
X
|g|2h⊗deth,ωdVω ≤
1
δqr
∫
X
|f |2h⊗deth,ωdVω.
As is the case in Corollary 1.2, we have the following statement.
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Corollary 1.4. Let h be a Griffiths semi-positive singular Hermitian metric satisfying
the condition (I) on E. If the Lelong number ν(− log det h, x) < 1 for all points x ∈ X,
then
Hq(X,KX ⊗ E ⊗ detE) = 0.
Corollary 1.4 is a generalization of the so-called Griffiths vanishing theorem in the
smooth setting (cf. [4, Chapter VII, Corollary 9.4]). For a (strictly) Griffiths positive
singular Hermitian metric h, we cannot conclude that h⊗det h is (strictly) Nakano positive
for the reason that the definition of Nakano positive singular Hermitian metrics has not
been formulated. However h⊗det h behaves like a Nakano positive metric as in Theorem
1.3 and Corollary 1.4. Corollary 1.4 can be used to discriminate the existence of a Griffiths
positive singular Hermitian metric on a certain vector bundle. We have the following
example.
Example 1.5. Let V be a complex vector space of dimension n+1, and X = P (V ) :=
(V \ {0})/C⋆ be the projective space of V . We also let O(−1) denote the tautologi-
cal line bundle, and Q denote the quotient bundle V/O(−1). Then there do not exist
any Griffiths semi-positive singular Hermitian metrics satisfying the condition (I) and
ν(− log det h, x) < 1 on Q.
It is known that the above vector bundle Q has a Griffiths semipositive smooth Her-
mitian metric, but does not have any strictly Griffiths positive ones (cf. [4, Chapter
VII, Example 8.4]). Example 1.5 asserts that there cannot exist any Griffiths positive
Hermitian metrics even if they are (almost) continuous singular Hermitian metrics. The
criteirion which determines whether a Griffiths positive singular Hermitian metric of a
vector bundle exist is one of important applications of Corollary 1.4.
The organaization of this paper is as follows. In Section 2, we explain basic definitions
and properties of singular Hermitian metrics on vector bundles. In Section 3, we prepare
some lemmas and properties about Grifiths positive or negative singular Hermitian metrics
on vector bundles. In Section 4 and 5, we prove the main theorems and corollaries.
Acknowledgment. The author would like to thank his supervisor Prof. Shigeharu
Takayama for inspiring and helpful comments.
2. Singular Hermitian metrics on vector bundles
In this section, we introduce a definition and property of a singular Hermitian metric on
a vector bundle. To start with, we refer to basic notions of smooth Hermitian metrics on
vector bundles. Thoroughout this section, X denotes a complex manifold with a positive
Hermitian form ω, and E denotes a holomorphic vector bundle over X .
2.1. Positivity concepts of smooth Hermitian metrics on vector bundles. Let
h be a smooth Hermitian metric on E and the Chern curvature of (E, h) be ΘE,h or
simply Θ. The curvature ΘE,h is a Hom(E,E) valued (1, 1) form, thus let (z1, . . . zn) be
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holomorphic coordinates on X around p and let (e1, . . . er) be an orthonormal frame of
E. By referring to [5, (3.8)], writing
√−1ΘE,h =
∑
1≤j,k≤n,1≤λ,µ≤r
cjkλµdzj ∧ dzk ⊗ e⋆λ ⊗ eµ,
we can identify the curvature tensor to a Hermitian form
ΘE,h(ξ⊗v, ξ⊗v) =
∑
1≤j,k≤n,1≤λ,µ≤r
cjkλµξjξkvλvµ (ξ =
n∑
j=1
ξj
∂
∂zj
∈ TX , v =
r∑
λ=1
vλeλ ∈ E)
on TX ⊗ E. This leads to positivity concepts.
Definition 2.1. The smooth Hermitian vector bundle (E, h) is
(1) Griffiths semi-positive (resp. Griffiths positive) if ΘE,h(ξ ⊗ v, ξ ⊗ v) ≥ 0 (resp. > 0)
for every local non-zero section ξ ∈ TX , v ∈ E. We denote it by ΘE,h ≥Grif 0 (resp.
ΘE,h >Grif 0).
(2) Nakano semi-positive (resp. Nakano positive) if ΘE,h(τ, τ) ≥ 0 (resp. > 0) for all
non-zero tensors τ =
∑
τjλ
∂
∂zj
⊗ eλ ∈ TX ⊗ E. We denote it by ΘE,h ≥Nak 0 (resp.
ΘE,h >Nak 0).
If we consider reverse inequalities in the above definition, we can get a definition of
Griffiths and Nakano negativity of the smooth Hermitian vector bundle.
It is known that Griffiths positivity and negativity can be defined without using the
curvature current. This characterization and the following property will be used in the
singular setting.
Proposition 2.2. ([10, Section 2]). Let h be a smooth Hermitian metric on E. Then
the followings are equivalent.
(1) h is Griffiths semi-negative.
(2) |u|2h is plurisubharminic for every local holomorphic section of E.
(3) log |u|2h is plurisubharminic for every local holomorphic section of E.
(4) h⋆ is Griffiths semi-positive (h⋆ is the dual metric on the dual bundle E⋆).
2.2. Singular Hermitian metrics on vector bundles. We adopt the definition of
singular Hermtian metrics introduced in [7], [9], and [10].
Definition 2.3. ([2, Section 3], [7, Definition 17.1], [9, Definition 2.2.1] and [10, Defini-
tion 1.1]). A singular Hermitian metric h on E is a measurable map from the base manifold
X to the space of non-negative Hermitian forms on the fibers satisfying 0 < deth < +∞
almost everwhere.
The (Chern) curvature current Θh of a singular Hermitian metric h is locally defined
as Θh = ∂¯(h
−1∂h). However its coefficients are not always measure. This example is
found by Raufi in [10, Theorem 1.5]. For this reason, we cannot define the positivity of
a singular Hermitian metric by using its curvature current. The definition of Griffiths
positivity and negativity that we will adopt is the following.
L
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Definition 2.4. ([2, Definition 3.1], [9, Definition 2.2.2] and [10, Definition 1.2]) A
singular Hermitian metric h is
(1) Griffiths semi-negative, if for any open subset U ⊂ X and any u ∈ H0(U,E), log |u|2h
is plurisubharmonic on U .
(1’) Griffiths semi-negative, if for any open subset U ⊂ X and any u ∈ H0(U,E), |u|2h is
plurisubharmonic on U .
(2) Griffiths semi-positive, if the dual metric h⋆ is Griffiths semi-negative, or equivalently
if for any open subset U ⊂ X and any u ∈ H0(U,E⋆), log |u|2h⋆ or |u|2h⋆ is plurisubharmonic
on U .
The above definition (1) is equivalent to (1’) (cf. [10, Section 2]). Nakano semi-
negativity of a singular Hermitian metric is also defined without using the curvature
current (cf. [10, Definition 1.8]). However the dual bundle of a Nakano negative vector
bundle is not necessarily Nakano positive, hence the Nakano (semi-)positive singular Her-
mitian metric has not been defined. Furthermore, strictly positivity or negativity of a
singular Hermitian metric is not generally formulated. The following result is only known
as a definition of strictly Griffiths negativity of a singular Hermitian metric.
Definition 2.5. ([10, Definition 6.1]) A singular Hermitian metric on E is strictly
Griffiths negative or δ-negative if :
(1) h is Griffiths semi-negative in the sence of Definition 2.4.
(2) F = {z ∈ X : det h(z) = 0} is a closed set, and there exisits an exhaustion of open
sets {Uj}∞j=1 such that det h > 1j on Uj , and
⋃∞
j=1Uj = X \ F .
(3) There exisits some δ > 0 such that on X \ F
n∑
j,k=1
(Θh
jk
s, s)hξjξk ≤ −δ‖s‖2h ω(ξ, ξ)
in the sense of distributions, for any section s and any vector field ξ =
∑
ξj
∂
∂zj
. Here we
let
√−1Θh =
n∑
j,k=1
Θh
jk
dzj ∧ dzk, Θhjk ∈ O(Hom(E,E)).
We say that a singular Hermitian metric h is strictly (δ-)Griffiths positive if the dual
metric is strictly Griffiths negative. The above condition (2) certifies that the curvature
current Θh exists as a current with measurable coefficients on X \ F [10, Corollary 1.7].
3. Some properties of Griffiths positive singular Hermitian metrics
In this section, we prepare some lemmas and propositions about Griffiths negative or
positive singular Hermitian metrics. Some of them are not directly related to the proof
of the main theorems. However we summarize these properties in order to improve the
outlook. Throughout this section, let E be a holomorphic vector bundle on the base
manifold X , and h be a singular Hermitian metric on E.
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In order to study analytic properties about the curvature current of h, we will take an
approximating sequence {hν}∞ν=1 of h. Locally, we can take such an sequence, through
convolution with an approximate identity, from the following lemma.
Lemma 3.1. [2, Proposition 3.1] Let h be a Griffiths semi-negative singular Hermitian
metric. If E is a trivial vector bundle over a polydisk, then there exists a sequence of
smooth Hermitian metrics {hν}∞ν=1, with negative Griffiths curvature, decreasing pointwise
to h on any smaller polydisk.
If h is Griffiths semi-positive, we can also get an increasing approximating sequence by
taking the dual metric of above Lemma 3.1. Let {hν}∞ν=1 be an approximating sequence
of h. We investigate analytic propeties about θhν , θh, Θhν , and Θh, where θhν (resp. θh) is
the connection form associated with hν (resp. h). For an arbitrary smooth vector field ξ,
θ˜h denotes θh(ξ), and Θ˜h denotes Θh(ξ, ξ).
Theorem 3.2. [10, Theorem 1.6] Let X be a complex manifold with a positive Hermitian
form ω, and let h be a singular Hermitian metric that is Griffiths semi-negative. Moreover
let {hν}∞ν=1 be any approximating sequence of smooth Hermitian metrics with Griffiths
semi-negative curvature, decreasing to h.
If there exisits ǫ > 0 such that det h > ǫ, then
(1) θ˜hν ∈ L2loc(X) uniformly in ν, and θ˜h ∈ L2loc(X),
(2) θ˜hν ∈ L2loc(X) weakly converges to θ˜h in L2loc(X),
(3) Θ˜hν ∈ L1loc(X) uniformly in ν, Θ˜h has measure coefficients, and Θ˜hν weakly converges
to Θ˜h in the sense of measures.
The above notations mean that after choosing a basis for E and representing θ˜hν , θ˜h,
Θ˜hν , and Θ˜h as a marix, each element of the matrix has measure coefficients, weakly
converges, and so on. If the L2 norm, on a fixed compact subset of X , of each element of
θ˜hν has an upper bound which is independent of ν, we say θ˜hν ∈ L2loc(X) uniformly in ν.
This type of lemma is only known in the case that the singular Hermitian metric h is
Griffiths semi-negative. We show it in the situation that h is Griffiths semi-positive. We
start by prepairing some lemmas for it.
Lemma 3.3. Let h be a Griffiths semi-negative singular Hermitian metric, and hij be
the (i, j) element of h. Then it follows that
∂(hijhkl) = (∂hij)hkl + hij(∂hkl)
in the sense of distributions. Moreover we have
(1) ∂(det h) ∈ L2loc(X),
(2) ∂(det hν) ∈ L2loc(X) uniformly in ν,
(3) ∂(det hν) ∈ L2loc(X) weakly converges to ∂(det h) ∈ L2loc(X) in L2loc(X).
Proof. Since the setting is local, we can assume that X is a polydisk in Cn, E is
trivial over X , and h is represented as a matrix. Without any loss of generality, we also
L
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can take an approximating sequence {hν}∞ν=1 of smooth Hermitian metrics with Griffiths
semi-negative curvature, decreasing to h on X . We begin to show that∫
X
∂(hijhkl)χ =
∫
X
{(∂hij)hkl + hij(∂hkl)}χ
for any test form χ ∈ C∞(n−1,n)c (X). It is known that∫
X
∂(hνijhνkl)χ =
∫
X
{(∂hνij )hνkl + hνij (∂hνkl)}χ · · · (♦)
for each ν. Firstly, we have∣∣∣∣∫
X
{∂(hνijhνkl)− ∂(hijhkl)}χ
∣∣∣∣ = ∣∣∣∣∫
X
(hνijhνkl − hijhkl))∂χ
∣∣∣∣ .
Each element of h and hν is locally bounded uniformly in ν [9, Remark 2.2.3]. Hence this
integral value goes to zero by the Lebesgue convergence theorem.
Secondly, we get∣∣∣∣∫
X
{(∂hνij )hνkl − (∂hij)hkl}χ
∣∣∣∣
≤
∣∣∣∣∫
X
∂hνij (hνkl − hkl)χ
∣∣∣∣+ ∣∣∣∣∫
X
(∂hνij − ∂hij)hklχ
∣∣∣∣
≤ ‖∂hνij‖L2(K)‖hνkl − hkl‖L2(K) +
∣∣∣∣∫
X
(∂hνij − ∂hij)hklχ
∣∣∣∣ ,
whereK denotes the support of χ. Locally boundness of h leads to that ‖hν
kl
−hkl‖L2(K) →
0 as ν →∞. Then ‖∂hνij‖L2(K) is uniformly bounded in ν [10, Proposition 1.4]. Therefore
the first term goes to zero. The second term also goes to zero for the reason that ∂hνij
weakly converges to ∂hij in L
2(K) and hχ ∈ L2(K). Then we can conclude that (∂hνij )hνkl
weakly converges to (∂hij)hkl, and hνij (∂hνkl) also weakly converges to hij(∂hkl).
Finally, taking weak limits of (♦), we obtain
∂(hijhkl) = (∂hij)hkl + hij(∂hkl).
Repeating this argument, we consequently prove (1), (2), and (3) for the reason that
∂h ∈ L2loc(X), ∂hν ∈ L2loc(X) uniformly in ν, and ∂hν weakly converges to ∂h in L2loc(X)
[10, Proposition 1.4, Lemma 5.1]. 
Subsequently, we prepare lemmas in the local setting.
Lemma 3.4. Let h be a Griffiths semi-negative singular Hermitian metric. We assume
that det h > ǫ for some positive constant ǫ > 0, then we have
∂
(
1
det h
)
= −∂ det h
det2 h
in the sense of distributions.
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Proof. It is sufficient to show that∫
X
∂
(
1
det h
)
χ =
∫
X
−∂ det h
det2 h
χ
for any test form χ ∈ C∞(n−1,n)c (X). It is known that∫
X
∂
(
1
det hν
)
χ =
∫
X
−∂ det hν
det2 hν
χ · · · (♦)
for each ν.
Firstly, it follows that ∂
(
1
det hν
)
weakly converges to ∂
(
1
det h
)
for the reason that 1
dethν
is incresing to 1
det h
.
Secondly, we begin to show that ∂ det hν
det2 hν
weakly converges to ∂ det h
det2 h
. We have∣∣∣∣∫
X
∂ det hν
det2 hν
χ−
∫
X
∂ det h
det2 h
χ
∣∣∣∣
≤
∣∣∣∣∫
X
(
1
det2 hν
− 1
det2 h
)
∂ det hνχ
∣∣∣∣ + ∣∣∣∣∫
X
1
det2 h
(∂ det hν − ∂ det h)χ
∣∣∣∣
≤ C
∥∥∥ 1
det2 hν
− 1
det2 h
∥∥∥
L2(K)
‖∂ det hν‖L2(K) +
∣∣∣∣∫
X
1
det2 h
(∂ det hν − ∂ det h)χ
∣∣∣∣ ,
where C denotes the supremum of χ on X , and K denotes a support of χ. The first term
goes to zero as ν → ∞ for the reason that ‖∂ det hν‖L2(K) uniformly in ν and 1det2 hν is
increasing to 1
det2 h
< 1
ǫ2
. For the second term, we know that ∂ det hν weakly converges
∂ det h in L2(K) by the Lemma 3.3 and 1
det2 h
< 1
ǫ2
is of course L2(K) function. Hence it
goes to zero as ν →∞.
Finally we can conclude that ∂ det hν
det2 hν
weakly converges to ∂ deth
det2 h
. Taking weak limits of
(♦), we obtain
∂
(
1
det h
)
= −∂ det h
det2 h
in the sense of the distributions. 
Lemma 3.5. Let h be a Griffiths semi-negative singular Hermitian metric, and ĥ be the
adjugate matrix of h. We assume that det h > ǫ for some positive constant ǫ > 0, then
we have
∂
(
1
det h
h
)
= ∂
(
1
det h
)
h+
1
det h
∂h, ∂
(
1
det h
ĥ
)
= ∂
(
1
det h
)
ĥ+
1
det h
∂ĥ
in the sense of distributions.
Proof. The proof of the first part is alomost the same as the second part. It is enough
to show that ∫
X
∂
(
1
det h
ĥ
)
χ =
∫
X
{
∂
(
1
det h
)
ĥ+
1
det h
∂ĥ
}
χ
L
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for any test form χ ∈ C∞(n−1,n)c (X). It is known that∫
X
∂
(
1
det hν
ĥν
)
χ =
∫
X
{
∂
(
1
det hν
)
ĥν +
1
det hν
∂ĥν
}
χ · · · (♦)
for each ν. For the left hand side of the above equation, we will show that ∂
(
1
det hν
ĥν
)
weakly converges to ∂
(
1
det h
ĥ
)
. We have∣∣∣∣∣
∫
X
{
∂
(
ĥν
det hν
)
− ∂
(
ĥ
det h
)}
χ
∣∣∣∣∣ =
∣∣∣∣∣
∫
K
(
ĥν
det hν
− ĥ
det h
)
∂χ
∣∣∣∣∣ .
Here ∣∣∣∣∣
(
ĥν
det hν
− ĥ
det h
)
∂χ
∣∣∣∣∣ ≤ C ′
(
|ĥν |
det hν
+
|ĥ|
det h
)
≤ 2(r − 1)!C
r−1C ′
ǫ
∈ L1(K),
where K denotes a support of χ, C denotes the supremum of h0 on K, and C
′ denotes the
supremum of ∂χ on K. The constant C satisfies the following inequalities that |hν | ≤ C
and |h| ≤ C on K [9, Remark 2.2.3]. Then we conclude that ∂
(
1
det hν
ĥν
)
weakly converges
to ∂
(
1
det h
ĥ
)
by the Lebesgue convergence theorem.
Fot the right hand side of the above equation, we will prove that ∂
(
1
det hν
)
ĥν weakly
converges to ∂
(
1
det h
)
ĥ and 1
det hν
∂ĥν weakly converges to
1
det h
∂ĥ.
Firstly, we have∣∣∣∣∫
X
{
∂
(
1
det hν
)
ĥν − ∂
(
1
det h
)
ĥ
}
χ
∣∣∣∣
=
∣∣∣∣∫
X
(
∂ det h
det2 h
ĥ− ∂ det hν
det2 hν
ĥν
)
χ
∣∣∣∣
≤
∣∣∣∣∣
∫
X
(∂ det h− ∂ det hν) ĥ
det2 h
χ
∣∣∣∣∣ +
∣∣∣∣∣
∫
X
∂ det hν
(
ĥ
det2 h
− ĥν
det2 hν
)
χ
∣∣∣∣∣
≤
∣∣∣∣∣
∫
X
(∂ det h− ∂ det hν) ĥ
det2 h
χ
∣∣∣∣∣ + C ′′‖∂ det hν‖L2(K)∥∥∥ ĥdet2 h − ĥνdet2 hν
∥∥∥
L2(K)
by Lemma 3.4, where K deotes a support of χ, and C ′′ denotes the supremum of χ on
K. The first term goes to zero for the reason why ∂ det hν weakly converges to ∂ det h in
L2(K) from the results of Lemma 3.3 and hˆ
det2 h
∈ L2(K). For the second term, we have
‖∂ det hν‖L2(K) uniformly in ν, and∣∣∣∣∣ ĥdet2 h − ĥνdet2 hν
∣∣∣∣∣
2
≤ 4C
2
ǫ4
∈ L1(K).
Therefore it goes to zero by the Lebesgue convergence theorem.
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Finally, taking weak limits of (♦), we have
∂
(
1
det h
ĥ
)
= ∂
(
1
det h
)
ĥ +
1
det h
∂ĥ
in the sense of distributions. 
Using the above lemmas, we can get the positive version of Theorem 3.2. More precisely,
we have the following theorem.
Theorem 3.6. Let X be a complex manifold with a positive Hermitian form ω, and
let h be a singular Hermitian metric that is Griffiths semi-positive. Moreover let {hν}∞ν=1
be any approximating sequence of smooth Hermitian metrics with Griffiths semi-positive
curvature, increasing to h.
If there exisits C > 0 such that det h < C, then
(1) θ˜hν ∈ L2loc(X) uniformly in ν, and θ˜h ∈ L2loc(X),
(2) θ˜hν weakly converges to θ˜h in L
2
loc(X), and
(3) Θ˜hν ∈ L1loc(X) uniformly in ν, Θ˜h has measure coefficients, and Θ˜hν weakly converges
to Θ˜h in the sense of measures.
Proof. First of all, the dual metric h⋆ satisfies the assumption of the above lemmas.
Repeating the proof of Lemma 3.5, we get
∂
( 1
det h⋆
ĥ⋆h⋆
)
=
(
∂(
1
det h⋆
)
)
ĥ⋆h⋆ +
1
det h⋆
∂(ĥ⋆h⋆).
Using Lemma 3.3, we obtain
0 = ∂(h⋆−1h⋆)
= ∂
( 1
det h⋆
ĥ⋆h⋆
)
=
(
∂(
1
det h⋆
)
)
ĥ⋆h⋆ +
1
det h⋆
(∂ĥ⋆)h⋆ +
1
det h⋆
ĥ⋆(∂h⋆)
= (∂h⋆−1)h⋆ + h⋆−1(∂h⋆)
in the sense of distributions, hence we have θh = −tθh⋆ . For each ν, we also have θhν =
−tθh⋆ν . Using Theorem 3.2, we can prove the part (1) and (2). Part (3) also follows since
Θh = ∂θh = −t∂θh⋆ = −tΘh⋆ .

Remark 3.7. If h is smooth, the above equation Θh = −tΘh⋆ is a well-known fact.
However, if h is singular, differential is in the sense of distributions. Hence 0 = ∂h−1h +
h−1∂h makes no sense. For this reason, we do not know whether the equation Θh = −tΘh⋆
holds when h is singular.
In the situation of Theorem 1.1 and 1.3, det h < C locally on X \ S for some positive
constant C since h is continuos. Hence the curvature current Θh has measure coefficients
on X \ S because of Theorem 3.6.
L
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4. Proof of Theorem 1.1
In this section, we will prove Theorem 1.1. First of all, we need some lemmas. Throughtout
section 4 and 5, X denotes an n-dimensional projective manifold, ω denotes a Ka¨hler form
on X , E denotes a holomorphic vector bundle over of rank r, and h denotes a Hermit-
ian metric on E. Let L2(p,q)(X,E, h, ω) (resp. L
2
loc(p,q)(X,E, h, ω)) be the space of square
integrable (resp. locally square integrable) E-valued (p, q)-forms on X .
Lemma 4.1. Let h′ be a smooth and strictly Griffiths δ-positive metric on E. For any
u ∈ L2(n,n)(X,E, h′), there exists g ∈ L2(n,n−1)(X,E, h′) such that
∂¯g = u, ‖g‖2L2 ≤
1
δn
‖u‖2L2.
Proof. We will compute the Hermitian operator
[√−1Θh′,Λ], where Λ is the adjoint
operators of L which is defined by Lu = ω ∧ u, and [ , ] is graded Lie bracket. Writing
√−1Θh′ =
√−1
∑
1≤j,k≤n,1≤λ,µ≤r
cjkλµdzj ∧ dzk ⊗ e⋆λ ⊗ eµ,
ω =
√−1
∑
1≤j≤n
dzj ∧ dzj
at a fixed point p ∈ X as in Section 2, we compute the operator [√−1Θh′,Λ] . For any
E-valued (n, n)-L2 form u =
∑r
λ=1 uλdz1 ∧ . . . ∧ dzn ⊗ eλ, we get[√−1Θh′ ,Λ]u = √−1Θh′Λu = ∑
1≤j≤n,1≤λ,µ≤r
cjjλµuλdz1 ∧ . . . ∧ dzn ⊗ eµ.
Therefore the following equations hold
(
[√−1Θh′,Λ]u, u)h′
= (
∑
1≤j≤n,1≤λ,µ≤r
cjjλµuλdz1 ∧ . . . ∧ dzn ⊗ eµ,
∑
1≤ν≤r
uνdz1 ∧ . . . ∧ dzn ⊗ eν)h′
=
∑
1≤j≤n,1≤λ,µ≤r
cjjλµuλuµ
=
∑
1≤j≤n
(
Θh
′
jj
(
r∑
λ=1
uλ), (
r∑
λ=1
uλ)
)
h′
.
For each j, by taking a vector field ξ = ∂
∂zj
we show that(
Θh
′
jj
(
r∑
λ=1
uλ), (
r∑
λ=1
uλ)
)
h′
≥ δ|u|2h′
from the definition of a strictly Griffiths δ-positive metric. Then we get∑
1≤j≤n
(
Θh
′
jj
(
r∑
λ=1
uλ), (
r∑
λ=1
uλ)
)
h′
≥ δn|u|2h′,
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and we see that the operator
[√−1Θh′,Λ] is positive definite. Hence it follows that
(
[√−1Θh′,Λ]−1 u, u)h′ ≤ 1
δn
(u, u)h′,∫
X
(
[√−1Θh′,Λ]−1 u, u)h′dVω ≤ 1
δn
‖u‖2L2 < +∞.
We then can conclude that there exists g ∈ L2(n,n−1)(X,E, h′) such that ∂¯g = u and
‖g‖2
L2
≤ 1
δn
‖u‖2
L2
, thanks to Ho¨rmander’s L2 estimate (cf. [5, Theorem 5.1]). 
We prove one more lemma. It is a generalization of the argument of [11, Section 4].
Lemma 4.2. Let Z be a n-dimensional submanifold of CN , U be an open neighborhood
of Z in CN , and p : U → Z be a holomorphic retraction map such that p ◦ i = idZ , where
i is a inclusion map i : Z → U . We assume that there is a trivial vector bundle E over Z
equipped with a singular Hermitian metric h satisfying the following properties
(i) continuous and strictly δ-Griffiths positive, and
(ii) 0 < det h < +∞.
Then
(1) a singular Hermitian metric p⋆h on p⋆E is also Griffiths semi-positive. We also have
the following inequality
Θp⋆h⋆ ≤Grif −δp⋆(ω)⊗ p⋆h⋆
on U in the sense of distributions.
(2) Moreover we can take a sequence of smooth Hermitian metrics {hν}∞ν=1 approximating
p⋆h on any relatively compact subset of U , and on any relatively compact subset Z ′ of Z
for any ǫ > 0 we obtain
Θhν ≥Grif δ(1− cZ′ǫ)ω ⊗ hν
for large enough ν and some positive constant cZ′ > 0. The constant cZ′ is independent
of ǫ and ν.
Here Θp⋆h⋆ ≤Grif −δp⋆(ω) ⊗ p⋆h⋆ means that the inequality (
√−1Θp⋆h⋆s, s)(ξ, ξ) ≤
−δp⋆(ω)(ξ, ξ)p⋆h⋆(s, s) holds in the sense of distibutions, for any local section s of p⋆E
and any local vector field ξ, i.e. Θp⋆h⋆−δp⋆(ω)⊗p⋆h⋆ is Griffiths semi-negative Hermitian
form in the sense of Definition 2.4.
Proof. We see that p⋆h is Griffiths semi-positive from [9, Lemma 2.3.2]. We denote
(U, (w1, . . . , wN)) by a coordinate of U , (V, (z1, . . . , zn)) by a local coordinate of Z, and
ω′ by a Ka¨hler form on U . At first, we prove the part (1). We do not know whether the
equation
Θp⋆h⋆ = p
⋆Θh⋆
holds for the reason that the right hand side of the above equation is a pullback of a
current, that is not generally defined. However the inequality (i) holds. We will show
it. We can take a sequence of smooth Hermitian metrics {gν}∞ν=1 approximating h⋆ on
V for the reason why V is a local coordinate, E|V is trivial, and h⋆ is (strictly) Griffiths
L
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negative. We see that an decreasing sequence {p⋆gν}∞ν=1 also approximating p⋆h⋆, and
p⋆h⋆ is also continuous. The assumption implies that
Θh⋆ ≤Grif −δω ⊗ h⋆.
Then we get the following inequality
Θgν ≤Grif −δω ⊗ gν
for each ν from [10, Proposition 6.2]. As Hermitian metrics {gν}∞ν=1 are smooth, we have
the equation
Θp⋆gν = p
⋆Θgν ,
and we obtain
Θp⋆gν = p
⋆Θgν ≤Grif −δp⋆(ω)⊗ p⋆gν .
Taking weak limits ν →∞, we get
Θp⋆h⋆ ≤Grif −δp⋆(ω)⊗ p⋆h⋆
for the reason that Θp⋆gν is weakly converging to Θp⋆h⋆ from Theorem 3.2.
Then we will prove the part (2). First of all, we show that
Θhν ≥Grif δ(p⋆(ω)⊗ p⋆h) ∗ χν ,
where hν = (p
⋆h⋆ ∗ χν)⋆ and χν is an approximate identity, i.e. χ ∈ C∞c (U), χ ≥ 0,
χ(z) = χ(|z|), ∫
Cn
χdV = 1, and χν(z) = ν
nχ(νz). We fix a point a in U . Then it is
enough to show that
(
√−1Θh⋆νs, s) ≤ −δ(|s|2p⋆h⋆(p⋆(ω))) ∗ χν
for any s ∈ p⋆E⋆a and for any ν. We consider the dual metric p⋆h⋆ and h⋆ν = p⋆h⋆ ∗ χν .
The metric p⋆h⋆ is Griffiths semi-negative. It is known that {h⋆ν} is a decreasing sequence.
We choose a local frame (e1, . . . , er) of p
⋆E⋆ that is adapted with respect to hν at a ∈ U ,
i.e. h⋆ν(ei, ej)(a) = δij ,
∂h⋆ν(ei,ej)
∂wk
(a) = 0. We take a constant section u such that u(a) =
s ∈ p⋆E⋆a , then we have
|u|2h⋆ν = |u|2h⋆ ∗ χν ,
√−1∂∂¯|u|2h⋆ν = −(
√−1Θh⋆νu, u)h⋆ν
at a ∈ U . We obtain
√−1∂∂¯|u|2h⋆ν(a) =
√−1∂∂¯(|u|2p⋆h⋆ ∗ χν)(a) = (
√−1∂∂¯|u|2p⋆h⋆) ∗ χν(a)
≥ −(√−1Θp⋆h⋆u, u)p⋆h⋆ ∗ χν(a) ≥ δ(|u|2p⋆hω) ∗ χν(a).
Here we use the inequality
√−1∂∂¯|u|2p⋆h⋆ ≥ −(
√−1Θp⋆h⋆u, u)p⋆h⋆
from the results of [10, Proposition 6.2]. Consequently, we obtain
(
√−1Θh⋆νu, u)(a) ≤ −δ(|u|2p⋆hp⋆ω) ∗ χν(a),
thus we see that
Θhν ≥Grif δ(p⋆(ω)⊗ p⋆h) ∗ χν .
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Next, we compare (p⋆(ω)⊗p⋆h) ∗χν with p⋆(ω)⊗p⋆h. As the metric (p⋆(ω)⊗p⋆h) ∗χν
has continuous coefficients, it follows that for large enough ν,
(p⋆(ω)⊗ p⋆h) ∗ χν − p⋆(ω)⊗ p⋆h ≥ −ǫω′ ⊗ p⋆h
for any ǫ > 0. On relatively compact subset Z ′ of Z, there exists a constant cZ′ > 0 such
that ω′ ≤ cZ′ω. Therefore on Z ′
(p⋆(ω)⊗ p⋆h) ∗ χν |Z′ ≥ p⋆(ω)⊗ p⋆h|Z′ − ǫω′ ⊗ p⋆h|Z′ ≥ (1− cZ′ǫ)ω ⊗ h
hold. We finally obtain
Θhν ≥Grif δ(1− cZ′ǫ)ω ⊗ h ≥Grif δ(1− cZ′ǫ)ω ⊗ hν .

Then we will prove Theorem 1.1.
Proof of Theorem 1.1. By Serre’s GAGA, there exists a Zariski open subset Z 6= ∅
such that Z ⊂ X \ S and E|Z is a trivial vector bundle over Z for the reason that X
is a complex projective manifold. We can take Z as a Stein open subset. Then Z can
be properly imbedded in CN for some large N . We regard Z as a submanifold of CN .
From Siu’s result in [12], there exists an open neighborhood U of Z in CN which is a
holomorphic retract of Z. Let p : U → Z be a holomorphic retraction map such that
p◦ i = idZ , where i is a inclusion map i : Z → U . Since E|Z is a trivial vector bundle, p⋆E
is also trivial on U . We can take an exhasution {Zj}∞j=1 of Z, where each Zj is a relatively
compact Stein subdomain. On each Zj, we get a constant cj such that ω
′ ≤ cjω, where
ω′ is a Ka¨hler form on U . We can take constants {cj}∞j=1 such that
1 < cj < cj+1, lim
j→∞
cj = +∞.
Repeating the argument of Lemma 4.2, for any ǫ > 0, we get an sequence of smooth
Hermitian metrics {hν}∞ν=1 approximating h on Zj and a positive constant cj > 0 such
that Θhν ≥Grif δ(1 − cjǫ)ω ⊗ hν for large enough ν. The constant cj only depends on Zj
and ω, ω′. Taking ǫ = 1
c2j
, we have that the curvature current Θhν is strictly δ(1 − 1cj )
Griffiths positive for large enough ν on Zj .
For fixed j, we get the following inequality∫
Zj
|f |2hν ,ωdVω ≤
∫
Zj
|f |2h,ωdVω ≤
∫
X
|f |2h,ωdVω < +∞
for the reason that {hν}∞ν=1 is increasing to h and f ∈ L2(n,n)(X,E, h, ω). For large enough
ν, appling Lemma 4.1 and Lemma 4.2 on Zj, we get E-valued (n, n − 1)-L2 form gν on
Zj such that ∂¯gν = f , and∫
Zj
|gν|2hν ,ωdVω ≤
1
δ(1− 1
cj
)n
∫
Zj
|f |2hν ,ωdVω ≤
1
δ(1− 1
cj
)n
∫
Zj
|f |2h,ωdVω < +∞,
since Lemma 4.1 also holds for Stein manifolds. Moreover the right hand side of above
inequalities has upper bound independent of ν. Therefore we can find a weakly convergent
L
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subsequence {gνk}∞k=1 by using a diagonal argument and monotonicity of {hν}∞ν=1. It
follows that {gνk}∞k=1 weakly converges in L2(n,n)(Zj, E, hν , ω) for any large enough ν and
the weak limit gj is in L
2
(n,n)(Zj, E, h, ω), i.e.∫
Zj
|gj|2h,ωdVω ≤
1
δ(1− 1
cj
)n
∫
Zj
|f |2h,ωdVω ≤
1
δ(1− 1
cj
)n
∫
Z
|f |2h,ωdVω,
equivalently,
δ(1− 1
cj
)n
∫
Zj
|gj|2h,ωdVω ≤
∫
Z
|f |2h,ωdVω.
The right hand side of the above inequality is independent of j, repeating a diagonal
argument and taking weak limits, then we obtain E-valued (n, n−1)-L2 form g on Z such
that ∫
Z
|g|2h,ωdVω ≤
1
δn
∫
Z
|f |2h,ωdVω.
Letting g be 0 on X \ Z, g is in L2(n,n−1)(X,E, h, ω), and we get
∂¯g = f,
∫
X
|g|2h,ωdVω ≤
1
δn
∫
X
|f |2h,ωdVω
on X from the properies of {cj}∞j=1 and the following lemma. 
Lemma 4.3. ([1, Lecture 5]) Let X be a complex manifold and let S be a complex
hypersurface in X. Let f and g be (possibily bundle valued) forms with L2loc coefficients
on X satisfing ∂¯g = f on X \ S. Then the equation ∂¯g = f also holds on X in the sense
of distributions.
Remark 4.4. We only have to show ∂¯g = f on a local open set U ⊂ X , where
U contains points of S and E|U is trivial on U . Since h is Griffiths semi-positive, there
exists a sequence of smooth Hermitian metrics {hν}∞ν=1 increasing to h in this local setting.
For this reason, if f and g are L2loc with respect to the singular Hermitina metric h, then
f and g are L2loc with respect to the smooth Hermitian metric h0. Therefore we can apply
Lemma 4.3 to Theorem 1.1.
Before we prove Corollary 1.2, we introduce the definition of the Lelong number of a
singular Hermitian metric on a line bundle.
Definition 4.5. Let L → X be a line bundle over X , and g be a singular Hermitian
metric on L.
If g is semi-negative, the Lelong number of g at x is defined as
ν(log g, x) = lim inf
z→x
log g(z)
log |z − x| .
If g is semi-positive, the Lelong number of g at x is defined as
ν(− log g, x) = lim inf
z→x
− log g(z)
log |z − x| .
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Here x is a point of X , z is a coordinate around x. Taking a basis for L, we represent g
as a positive function.
The above definition is independent of the choice of local coordinates. If g is semi-
negative (resp. positive), log g (resp. − log g) is locally plurisubharmonic. Therefore
Definition 4.5 coincide with the usual definition of the Lelong number of a closed positive
current (cf. [5, Theorem 2.8]).
Using these notions, we will prove Corollary 1.2. We recall that det h is a semi-positive
(resp. negative) if h is a Griffiths semi-positive (resp. negative) singular Hermitian metric
(cf. [7, Proposition 25.1], [10, Proposition 1.3]).
Proof of Corollary 1.2. Let C∞(n,n)(X,E) be the space of smooth E-valued (n, n)
forms on X . For the reason that the Lelong number of 1
2
log det h⋆ is less than 1 for an
point x ∈ X , we have
e− log deth
⋆
=
1
det h⋆
∈ L1loc(X)
from the results of Skoda [13]. Then |s|2h is an L1loc form for any s ∈ C∞(n,n)(X,E) since
h = 1
det h⋆
ĥ⋆ and each element of ĥ⋆ is locally bounded [9, Remark 2.2.3]. Here ĥ⋆ is the
adjugate matrix of h⋆. Hence there is an inclusion map
C∞(n,n)(X,E) →֒ L2loc(n,n)(X,E, h, ω).
Repeating the argument of the proof of Theorem 1.1, we have the isomorphism
Hn(X,KX ⊗ E)
∼=
{f ∈ L2loc(n,n)(X,E, h, ω)}
{h ∈ L2
loc(n,n)(X,E, h, ω) : ∂¯g = h, g ∈ L2loc(n,n−1)(X,E, h, ω)}
(cf. [8, Proposition 3.1]). For any f ∈ L2loc(n,q)(X,E, h, ω), we can obtain an E-valued
(n, n−1)-L2 form g on X such that ∂¯g = f and g ∈ L2(n,n−1)(X,E, h, ω) by using Theorem
1.1. We can conclude that Hn(X,KX ⊗ E) = 0. 
5. Proof of Theorem 1.3
We will prove Theorem 1.3. The proof of Theorem 1.3 is same as that of Theorem 1.1.
To begin with, we prepare a lemma with respect to a smooth Hermitian metric.
Lemma 5.1. Let h′ be a smooth Hermitian metric that is strictly δ-Griffiths positive.
Then the metric h′ ⊗ det h′ is strictly δr-Nakano positive, i.e. the inequality
Θh′⊗deth′(τ, τ) ≥ δr|τ |2h′⊗det h′,ω
holds for all non-zero tensors τ ∈ TX ⊗ E ⊗ detE.
Proof. We write
√−1Θh′ =
√−1
∑
1≤j,k≤n,1≤λ,µ≤r
cjkλµdzj ∧ dzk ⊗ e⋆λ ⊗ eµ
L
2
ESTIMATES AND VANISHING THEOREMS 17
as in Section 2, where (e1, . . . , er) is orthonormal with respect to h
′ at a fixed point. It
follows that
ΘE⊗detE = ΘE + Tr ΘE ⊗ h′.
Thus we should prove the following inequality
(ΘE + Tr ΘE ⊗ h′)(u, u) ≥ δr|u|2h′,ω
for any section u =
∑
ujλ
∂
∂zj
⊗ eλ ∈ TX ⊗E. We have the inequality
(ΘE + Tr ΘE ⊗ h′)(u, u) ≥
∑
1≤j,k≤n,1≤λ≤r
cjkλλujλukλ
from the result of [5, Proposition 10.14]. Computing the right hand side of the above
inequality , we obtain∑
1≤j,k≤n,1≤λ≤r
cjkλλujλukλ =
∑
1≤j,k≤n,1≤λ≤r
(Θh
′
jk
eλ, eλ)h′ujλukλ ≥ δr|u|2h′,ω
for the reason that h′ is δ-Griffiths positive. 
Then we will prove Theorem 1.3.
Proof of Theorem 1.3. We take Z, {Zj}∞j=1, U, {cj}∞j=1, and p as in the proof of
Theorem 1.1. We can take a sequence of smooth Hermitian metrics {hν}∞ν=1 approximating
h on any relatively compact subset of Z. For any ǫ > 0, we have
Θhν ≥Grif δ(1− cjǫ)ω ⊗ hν
for large enough ν on Zj from Lemma 4.2. Taking ǫ =
1
c2j
, we have that the curvature
current Θhν is strictly δ(1 − 1cj ) Griffiths positive for large enough ν on Zj. From the
above Lemma 5.1, the Hermitian metric hν ⊗ det hν is δ(1− 1cj )r Nakano positive. Then
for each large enough ν, there exisits an E ⊗ detE-valued (n, q − 1)-L2 form gν on fixed
Zj such that ∂¯gν = f , and∫
Zj
|gν|2hν⊗det hν ,ωdVω ≤
1
δ(1− 1
cj
)qr
∫
Zj
|f |2hν⊗dethν ,ωdVω
≤ 1
δ(1− 1
cj
)qr
∫
Zj
|f |2h⊗deth,ωdVω < +∞
for the reason that {hν ⊗ det hν}∞ν=1 is also increasing pointwise to h ⊗ det h on any
relatively compact subset of Z and we can apply Ho¨rmander’s L2 estimates to it (cf. [4,
Chapter VIII, Theorem 6.1], [11]). Taking weak limits ν →∞ as in the proof of Theorem
1.1, we can take an E ⊗ detE-valued (n, q − 1)-L2 form gj on fixed Zj such that∫
Zj
|gj|2h⊗deth,ωdVω ≤
1
δ(1− 1
cj
)qr
∫
Zj
|f |2h⊗deth,ωdVω ≤
1
δ(1− 1
cj
)qr
∫
Z
|f |2h⊗deth,ωdVω.
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Moreover taking limits j → ∞ as in the proof of Theorem 1.1, we obtain an E ⊗ detE-
valued (n, q − 1)-L2 form g on Z such that∫
Z
|g|2h⊗deth,ωdVω ≤
1
δqr
∫
Z
|f |2h⊗deth,ωdVω.
Letting g be 0 on X \Z, we see that g is in L2(n,q−1)(X,E ⊗ detE, h⊗ det h, ω). Then we
get ∂¯g = f on X , and ∫
X
|g|2h⊗deth,ωdVω ≤
1
δqr
∫
X
|f |2h⊗deth,ωdVω.

Theorem 1.3 lead to Corollary 1.4. The proof of it is the same as the one of Corollary
1.2.
Proof of Corollary 1.4. Locally, we have
h⊗ det h = 1
det2 h⋆
ĥ⋆,
where ĥ⋆ is the adjugate matrix of h⋆. From the results of Skoda [13], we have
1
det2 h⋆
∈ L1loc(X).
Repeating the argument of the proof of Corollary 1.2, we can conclude that
Hq(X,KX ⊗ E ⊗ detE) = 0
for q > 0. 
We have an application of Corollary 1.4. We show the following example.
Example 5.2. Let V be a complex vector space of dimension n+1, and X = P (V ) :=
(V \{0})/C⋆ = Pn be the projective space of V . We also let O(−1) denote the tautological
line bundle, and Q denote the quotient bundle V/O(−1). Then there do not exist any
Griffiths semi-positive singular Hermitian metrics on Q that satisfy the condition (I) and
ν(− log det h, x) < 1.
Proof. There exisits an exact sequence
0 −→ O(−1) −→ V −→ Q −→ 0
over X = Pn. We have the isomorphisms
detQ ∼= O(1),
TPn = Q⊗O(1) ∼= Q⊗ detQ
from [4, Chapter VII, Example 8.4]. If Q has a Griffiths semi-positive singular Hermit-
ian metric satisfying the condition (I) and ν(− log det h, x) < 1, the cohomology group
L
2
ESTIMATES AND VANISHING THEOREMS 19
Hq(Pn, KPn ⊗ Q ⊗ detQ) = Hq(Pn, KPn ⊗ TPn) vanishes for any positive integer q > 0
from Corollary 1.4. However the Serre duality theorem implies that
Hq(Pn, KPn ⊗ TPn)⋆ ∼= Hn−q(Pn,T⋆Pn) ∼= H(1,n−q)(Pn,C) ∼=
{
C (q = n− 1)
0 (q 6= n− 1).
This contradicts to Corollary 1.4. Therefore we conclude that there cannot exist any Grif-
fiths semi-positive singular Hermitian metrics satisfying the condition (I) and ν(− log det h, x) <
1 on Q = V/O(−1). 
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